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Abstract
Motivated by the new higher D-supergravity solutions on intersecting attrac-
tors obtained by Ferrara et al. in [ Phys.Rev.D79:065031-2009], we focus in this
paper on 8D maximal supergravity with moduli space SL(3,R)SO(3) × SL(2,R)SO(2) and study
explicitly the attractor mechanism for various configurations of extremal black p-
branes (anti-branes) with the typical near horizon geometries AdSp+2 × Sm ×
T 6−p−m and p = 0, 1, 2, 3, 4; 2 ≤ m ≤ 6. Interpretations in terms of wrapped M2
and M5 branes of the 11D M-theory on 3-torus are also given.
Keywords: 8D supergravity, black p-branes, attractor mechanism, M-theory.
1 Introduction
Since its discovery by D.Z Freedman, P.van Nieuwenhuizen and S.Ferrara at the mid of
seventieth of the last century [1, 2], the properties of supergravity theories, based on the
gauging of Haag-Lopozansky-Sohinus (HLS) supersymmetry [3], have been intensively
studied in four and higher dimensions; for reviews see [4, 5, 6]. These studies allowed
more insight into supersymmetric gauge theories in diverse dimensions and led to the ob-
tention of superstrings [7] containing the various 4D and higher supergravities as Planck
scale limits of 10D superstrings and 11D M theory compactifications [8]. Besides usual
properties, supergravity in higher dimensions have moreover specific features; in partic-
ular they need a graded Lie algebraic structure going beyond the LHS superalgebra by
implementing exotic “central” charges Z[µ1...µp] ≡ Zp that transform in non trivial rep-
resentations of SO (1, D − 1) space time symmetry [9, 10]. They also have (p+ 1)- form
gauge fields Ap+1 ≡ A[µ1...µp+1] in addition to the graviton Gµν , the usual 1-form gauge
1
fields Aµ, scalars
{
φI
}
and their supersymmetric partners ψαµ, χ
α. These central charges
Zp and gauge fields Ap+1 play, like in the case of 4D black holes [11, 12, 13], a crucial
role in dealing with static, asymptotically flat and spherically symmetric extremal black
p-brane solutions living in higher dimensions. In this regards and following the first orig-
inal works [14, 15, 16, 17, 18, 19] and subsequent ones led by S.Ferrara and collaborators
[20, 21] and refs therein, growing attention has been devoted to the study of the black
hole solutions in various dimensions and their attractor mechanism taking into account
p-branes carrying non trivial magnetic pΛ and electric charges qΛ of the (p+ 2)-form
gauge field strengths FΛp+2 and their magnetic duals F˜D−p−2|Λ [22]-[32]. The attractor
equations are obtained by minimization of the effective potential Veff (φ) induced by the
kinetic energies of the gauge field strengths of the supergravity theory. The minima of
the effective potential, solving the conditions ∂IVeff = 0, det (∂I∂JVeff) > 0, δVeff = 0,
determine the values of the scalars at the horizon in terms of the black brane charges pΛ
and qΛ.
Motivated by the new solutions on higher dimensional intersecting attractors recently
obtained in [33], we focus in this paper on maximal supergravity in 8D with moduli
space [SL (3, R) /SO (3)] × [SL (2, R) /SO (2)] and study explicitly the attractor mech-
anism for various configurations of black p- branes and anti-branes living in 8D and
having the typical near horizon geometries AdSp+2 × Sm × T 6−p−m, with 0 ≤ p ≤ 4,
and 2 ≤ p + m ≤ 6. We also complete some partial results of [33]; in particular the
strand on the black dyonic membrane and the dual black attractor pairs string/(anti)
3-branes, holes/(anti) 4-branes.
The presentation is as follows: In section 2, we first study the 8D N = (2, 2) supersym-
metric algebra in presence of p-branes; then we consider the embedding of this non chiral
supersymmetric field theory into 11D M theory on the 3-torus. This is useful for learn-
ing the group theoretic representations in which the gauge and scalar fields transform.
In section 3, we study the attractor eqs for the black branes in 8D. We first consider
an unconstrained parametrization of the moduli space, then we study the total effective
potential and we derive the general form of the attractor eqs depending on the values
of the Maurer Cartan 1-forms. In section 4, we study the solutions for the attractors
equations. We study the explicit solutions for the dyonic membrane; actually, this com-
pletes the analysis done in [33]. Then we consider the general solutions for case of black
strings and black 3-branes. This study extends directly to the case of black holes / black
4-branes; which is omitted. In section 5, we make an explicit study of the intersecting
attractors in 8D by using the approach of [33]. In section 6 we give our conclusion and
in in section 7, we give an appendix on useful properties on the algebras of spinors in
8D space time.
2
2 Z- charges in 8D N = (2, 2) supergravity
We begin by studying maximal supersymmetry in eight dimensional space time with
p-branes. Then, we consider the embedding of 8D N = (2, 2) supergravity into the
11D M-theory compactification on the 3-torus T 3. Configurations based on M2 and
M5 branes wrapping various cycles of T 3 are also considered in connection with black
p-branes in 8D.
2.1 N = (2, 2) superalgebra with branes
In eight dimensions, non chiral N = (2, 2) supersymmetry has 32 conserved supersym-
metric charges given by the 8D fermionic generators,
generators : SO (1, 7)× SU (2)× U (1)
Q+Aα ∼ (8s, 2)+
Q−α˙A ∼ (8c, 2¯)−
(2.1)
In addition to the SO (1, 7) space time, we also have an extra U (2) = U (1) × SU (2)
invariance; this is an automorphism symmetry group with the U (1) factor capturing
the ± chirality charges of the Weyl spinors in 8D and the SU (2) rotating the two
supercharges Q±A.
Q+A −→ ei q2 θ (UABQ+B) , Q−A −→ Q−B (U †)BA e−i q2θ , (2.2)
with U (1) charge q = 1 and U a unimodular 2 × 2 unitary matrix. This SU (2) au-
tomorphism symmetry has also an interpretation as an internal symmetry in terms of
embedding N = (2, 2) 8D supergravity in the 11D M-theory compactification on T 3.
Under the reduction from 11D down to 8D, the SO (1, 10) Lorentz group at each point
of space time M11 gets broken down to SO (1, 7) × SO (3) where the internal SO (3)
orthogonal group is thought of in terms of the covering SU (2) symmetry.
To get the general structure of the supersymmetric Lie algebra satisfied by the Q+Aα
and Q−α˙A operators, we use results on the tensor products of SO (1, 7)× SU (2)× U (1)
representations; in particular the SO (1, 7) ones,
8i × 8i = 1 + 28 + 35i ,
8i × 8j = 8k + 56k ,
(2.3)
with i, j, k cyclic and where 8i stand for 8 s, 8 c, 8 v describing the basic eight dimensional
representations of SO (1, 7). For the case of spinor doublets of eqs(2.1), we have the
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decompositions,
(8s, 2)⊗ (8s, 2) = (1, 4)⊕ (28, 4)⊕ (35s, 4)
(8s, 2)⊗ (8c, 2¯) = (8v, 4)⊕ (56v, 4)
(8c, 2¯)⊗ (8c, 2¯) = (1, 4)⊕ (28, 4)⊕ (35c, 4)
(2.4)
with the complex (1 + 35) associated with the 8×9
2
symmetric part of the product and the
complex 28 = 8×7
2
with the antisymmetric component. Using these relations, the general
form of the anticommutation relations between the fermionic generators Q+Aα and Q
−
α˙A
may be written as follows,{
Q+Aγ , Q
−
δ˙B
}
= Γµ
γδ˙
δABPµ + Z
0A
γδ˙|B{
Q+Aα , Q
+B
β
}
= Z++ABαβ{
Q−γ˙A, Q
−
δ˙B
}
= Z−−
γ˙δ˙|AB
(2.5)
where in addition to the usual terms Γµ
γδ˙
δABPµ, we have moreover other charge operators
transforming into non trivial representations of SO (1, 7). These operators have the
following expansion properties
Z0A
γδ˙|B
= εBCΓ
µ
γδ˙
Z
0(AC)
µ + εBCΓ
µνρ
γδ˙
Z0ACµνρ
Z++ABαβ = δαβZ
++(AB) + εABΓµναβZ
++
µν + Γ
µνρλ
αβ Z
++(AB)
µνρλ
Z−−
γ˙δ˙|AB
= δγ˙δ˙Z
−−
(AB) + εABΓ
µν
γ˙δ˙
Z−−µν + εACεBDΓ
µνρλ
γδ Z
−−(CD)
µνρλ
(2.6)
where anti-symmetrization with respect to the space time indices is understood; see also
appendix for more details on Γ- matrices. Obviously, the charge operators Z0A
γδ˙|B
, Z++ABαβ
and Z−−
γ˙δ˙|AB
are bosonic and generally take non zero values; they transform non trivially
under SO (1, 7) rotations and obey commutation relations [9, 10], that are obtained as
usual by solving the graded Jacobi identities. Let us comment much more these objects
as they are crucial in studying black p-branes. The operators Z++ABαβ are complex and
correspond to taking the symmetric part of the following tensor product relation,
(8s, 2)+ ⊗ (8s, 2)+ = (1, 1)++ ⊕ (28, 1)++ ⊕ (35s, 1)++⊕
(1, 3)++ ⊕ (28, 3)++ ⊕ (35s, 3)++
(2.7)
where the U (1) charges are exhibited as sub-indices. This decomposition leads to the
identifications
Z++(AB) ∼ (1, 3)++ , Z++µν ∼ (28, 1)++ , Z++(AB)µνρλ ∼ (35s, 3)++ (2.8)
and shows that there various kinds of Z-charge operators capturing a priori different
information of N = (2, 2) supersymmetric theory in 8D. This is in fact what happens as
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we will see throughout this study. Notice that similar relations are valid for (8c, 2)− ⊗
(8c, 2)−; they are just the complex conjugates of the above ones. We also have
(8s, 2)+ ⊗ (8c, 2¯)− = (8v, 1)0 ⊕ (56v, 1)0 ⊕ (8v, 3)0 ⊕ (56v, 3)0 (2.9)
with the correspondence
Z
(AB)
µ ∼ (8v, 3)0 , Z0µνρ ∼ (56v, 1)0 , Z(AB)µνρ ∼ (56v, 3)0 (2.10)
From this analysis, we learn amongst others that these bosonic Z- generators appearing
in the supersymmetric algebra (2.5) exhibit a set of remarkable properties; in particular
the two following:
(a) Like the other generators of the superalgebra (2.5), the Z’s are generally charged
under the internal SU (2) × U (1) automorphism symmetry and SO (1, 7) invariance
since, in addition to the quantum numbers (A,±q), they also carry space time indices in
the antisymmetric representations. The last property allows to associate to each Zµ1...µp
operator the space time p-form operator density
Zp = 1
p!
dxµ1∧...∧dxµpZµ1...µp, (2.11)
together with the J (Mp) ≡ Jp invariant, Jp =
∫
Mp
Zp, where Mp is a p-dimensional
space time submanifold which may be thought of as the world volume of a p-brane.
Using eqs(2.8-2.10), it follows that in 8D maximal supergravity, we have for the complex
SU (2) singlets Z±±µν , the 2-form operators
Z2 = 12dxµ∧dxν Zµν , J2 =
∫
M2
Z2 , (2.12)
and the p-forms,
Z(AB)p = 1p!dxµ1∧...∧dxµp Z(AB)µ1...µp , J (AB)p =
∫
Mp
Z(AB)p , (2.13)
for p = 0, 1, 3, 4 for the SU (2) triplets.
(b) From eqs(2.8-2.10), we learn as well that the Zµ1...µp operators have at most four
space time indices. This property allows to give them an interpretation in terms of
fluxes of gauge fields in 8D supergravity. Indeed, using the usual relations m =
∫
S2
F2
and e =
∫
S2
F˜2 giving the magnetic and electric charges of particles coupled to 4D
Maxwell gauge fields and thinking about the Zp’s in the same manner, we end with the
following relations
Zp =
∫
S2
Fp+2 , Z˜4−p =
∫
S2
F˜6−p
Jp =
∫
Mp+2
Fp+2 , J˜4−p =
∫
M˜6−p
F˜6−p (2.14)
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teaching us that the Zp’s describe precisely charges of p-branes that couple to the 8D
supergravity (p+ 1)- form gauge fields Ap+1 with the field strengths Fp+2 and their
magnetic duals F˜6−p. In these relations, the spaces Mp+2 ∼ Mp × S2 and M˜6−p ∼
M˜4−p × S˜2 are dual sub-manifolds of the 8D space time M8 with the typical fibration,
M˜6−p −→ M8
↓ πp+2
Mp+2
(2.15)
where Mp+2 is thought as the (p+ 2)- dimensional base sub-manifold and M˜6−p as its
(6− p)- dimensional fiber. For later use notice also that p-branes and their (4− p)- duals
extend along the dimensions of the respective Mp and M˜4−p base sub-manifolds of Mp+2
and M˜4−p,
S2 −→ Mp+2 S˜2 −→ M˜6−p
↓ πp , ↓ π˜4−p
p-branes Mp 4-p branes M˜4−p
(2.16)
Below we study some aspects on gauge fields in 8D supergravity; in particular the gauge
field content, the connection with p-branes and the embedding in M-theory compactifi-
cation the 3-torus.
2.2 Embedding 8D N = (2, 2) supergravity in M-theory
The massless spectrum of the supergravity limit of M-theory has, besides the 11D field
metric G(11D)MN , an antisymmetric gauge 3-form C(11D)MNP that couples to M2 brane as well as
fermionic partners. Under compactification of M-theory on the 3-torus, the M2 and M5
get wrapped and the fields G(11D)MN and C(11D)MNP get reduced to,
G(8D)µν , C(8D)µνρ , (2.17)
together with the following 8D bosonic fields namely
Baµν , Aaiµ , φ1, ..., φ7 , (2.18)
where the indices a = 1, 2, 3 and i = 1, 2. The field C(8D)µνρ couples to the membrane M2
living in 8D as in eqs(2.15-2.16), the three Baµν ’s couple to the three kinds of strings
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obtained by wrapping the M2 brane on each S1 cycle of T 3 as given below,
M8 space time T 3
0 1 2 3 4 5 6 7 8 9 10
M2 × × ◦ ◦ ◦ ◦ ◦ ◦


×
◦
◦
◦
×
◦
◦
◦
×
M5 ◦ ◦ ◦ ◦ × × × ×


◦
×
×
×
◦
×
×
×
◦
(2.19)
Regarding the six 1-form gauge fields
Aaiµ =
(Aa1µ ,Aa2µ ) , Aa1µ ≡ Aaµ, Aa2µ ≡ Kaµ (2.20)
three of them; say Aa1µ = G(11D)µa , are Kaluza Klein type obtained from the metric reduc-
tion; and the three Aa2µ others follow from the reduction of C(11D)MNP as,
C(11D)µ[ab] = εabcKcµ (2.21)
where εabc is the usual completely antisymmetric tensor of the real 3D space. These
fields are associated with the three gauge particles given by the wrapping of M2 brane
on the three 2-cycles of T 3 as illustrated on the following table,
M8 space time T 3
0 1 2 3 4 5 6 7 8 9 10
M2 × ◦ ◦ ◦ ◦ ◦ ◦ ◦


◦
×
×
×
◦
×
×
×
◦
M5 ◦ ◦ ◦ × × × × ×


×
◦
◦
◦
×
◦
◦
◦
×
(2.22)
Before proceeding let us give some useful details.
8D N = 2 supergravity fields
Under reduction to eight dimensions, the initial 128 + 128 degrees of freedom of 11D
supergravity decomposes into various SO (1, 7) representations. For the fermionic sector,
we have
128 = (2× [6× 8− 8]) + (6× 8) . (2.23)
The first block describes the degrees of freedom of two 8D Ravita Schwinger fields ψAαµ,
ψ¯α˙µA (A = 1, 2) and the second one captures the degrees of freedom of (2× 3) gauginos
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λAaα , λ¯
Aa
α˙ . For the 128 bosonic degrees of freedom; they decompose as follows
128 = (1 + 20) + 20 + (3× 15) + (2× 3× 6) + (5 + 1) (2.24)
where (1 + 20) stand for the dilaton σ and the metric fields Gµν and the second 20 for
the antisymmetric Cµνρ. The 3 × 15 are the degrees of freedom of the Baµν triplet, the
number 2×3×6 describe two triplets of gauge fields Aaiµ and finally (5 + 1) stand for the
scalars ϕ(ab), ϑ. The later follow respectively from the reduction of the metric and the
3-form gauge field on T 3 leading to the quintet Gab ≡ ϕ(ab) and the singlet Cabc ∼ εabcϑ.
In summary, the bosonic content of 8D N = (2, 2) supergravity is,
Gµν , Cµνρ, Baµν , Aaiµ , ϕ(ab), σ, ϑ, (2.25)
with
∑3
a=1 ϕ
(aa) = 0. Notice that in addition to: (1) the seven scalar fields {φ} that
parameterize the moduli space SL(3,R)
SO(3)
×SL(2,R)
SO(2)
∼ SU(1,3)
SU(2)
×SU(1,1)
U(1)
to be discussed in details
later on; and (2) the 8D graviton Gµν with scalar curvature R8 and energy density,
Lgravity = − 116πG8
∫
M8
d8x
√−G R8 (2.26)
with G = detGµν , we have moreover the following:
(a) the antisymmetric field Cµνρ defining a real gauge 3-form C3 = 13!dxµ∧dxν∧dxρCµνρ
together with the 4-form field strength F4 = dC3 and its magnetic dual F˜4 = ⋆F4. The
lagrangian density describing the coupled dynamics of this field reads in general as follows
L3-form = 132πG8
∫
M8
√−G N (2)FF (φ) Fµ1...µ4Fµ1...µ4 (2.27)
where the second term is topological. Implementing the duality relation F˜µ5...µ8 ∼
1
8!
εµ1...µ8 Fµ1...µ4 by a Lagrange multiplier N (2)F˜ F˜ , we end with the gauge field action
L3-form = 132πG8
∫
M8
√−G N (2)ij (φ) F iµνρσFµνρσj (2.28)
where the field matrix N (2)ij (φ), which can be factorized as Kmi (φ) δmnKnj (φ), provides
the field coupling metric for the kinetic terms. In this equation, we have also included
the topological term and set
F i4 =
(
F4
F˜4
)
, F4i = N (2)ij F j4 , (2.29)
transforming as an SL (2, R) doublet.
(b) three antisymmetric gauge fields Baµν defining a triplet of real gauge 2-forms Ba2 with
field strengths Fa3 = dBa2 and magnetic duals F˜5|a = ⋆ (Fa3 ). The lagrangian density
describing their coupled dynamics reads as follows
L2-form = 132πG8
∫
M8
√−G N (1)ab (φ)FaµνρFµνρb , (2.30)
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with field metric N (1)ab (φ) that can be factorized like Lca (φ) δcdLdb (φ).
(c) six real gauge fields Aaiµ defining six real 1-forms Aai = dxµAaiµ with field strengths
Fai2 = dAai and magnetic duals F˜ai6 = ⋆ (Fai2 ). For later physical interpretation, it is
interesting to set,
Aaiµ =
(
Aaµ
Kaµ
)
, Faiµν =
(
Faµν
Haµν
)
. (2.31)
The lagrangian density of these gauge fields reads as follows
L1−form = 132πG8
∫
M8
√−G N (0)ai,bj (φ) FaiµνFµνbj . (2.32)
Notice that because of the factorization of the moduli space, the field coupling N (0)ai,bj
decomposes as well like N (0)ab × N (0)ij . Notice also that the two internal indices (a, i)
carried by the above gauge field strengths refer to SL (3, R)×SL (2, R) representations.
We have,
fields strenghts : F i4 , F3|a , F˜a5 , Fai2 , F˜6|ai
SL (3)× SL (2) : (1, 2) , (3′, 1) , (3, 1) , (3, 2) , (3′, 2′) (2.33)
For simplicity, we will sometimes refer collectively to these field strengths as F Ip+2 =
dAIp+1, F˜8−p−2|I = ⋆
(F Ip+2) with AIp+1 the gauge (p+ 1)-forms taking values on SL (3)×
SL (2) representations designated by the I index. These gauge invariant fields are as-
sociated with p-branes (anti-p-branes) having electric charges qI and magnetic ones p
I
given by the generic relations
pI =
∫
Σp+2
F Ip+2 , qI =
∫
Σ˜p+2
F˜6−p|I . (2.34)
where the cycles Σp+2 and the dual Σ˜6−p may be thought of as given by the spheres S
p+2
and S6−p respectively.
Brane configurations
Along with the M2 brane and the M2/S1 as well as the M2/T2 wrapped geometries, we
also have wrapped configurations induced by the M5 brane. Since M5 is the magnetic
dual of M2, the corresponding wrapped configurations are dual to the ones associated
with the membrane. In the case of 8D N = (2, 2) supergravity, the electric /magnetic
duality that relates pairs of black p- and q- branes requires p+ q = 4 from which we read
the various black brane configurations in 8D :
(i) there are six black holes given by wrapping M2/T2; these black holes have magnetic
charges P ai and transform in the bi-fundamental of SL (3, R)× SL (2, R),
P ai =
∫
S2
Fai2 , N (1)aibjF bi2 = F2|ai , N (1)aick N (1)ckbj = δbaδji (2.35)
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(ii) six black 4-branes obtained by wrapping M5/S1; these black objects are the dual of
the black holes and carry the electric charges,
Qai =
∫
S6
F˜6|ai , (2.36)
with P aiQbj ∼ nδabδij and where n an integer.
(iii) three black strings obtained by wrapping M2/S1; they are magnetically charged,
pa =
∫
S3
F3|a , (2.37)
(iv) three black 3-branes following from the wrapping M5/T2; their electric charge reads
as follows,
qa =
∫
S5
F˜a5 , qapb ∼ nδab . (2.38)
these are the dual of the black strings.
(v) a dyonic black 2-brane given by the fundamental M2 and the wrapped M5/T3. Its
electric e and magnetic g charges are as follows,
hi =
∫
S4
F i4 , hi = (g, e) , eg ∼ n. (2.39)
From this analysis, we learn that the full abelian gauge symmetry of the 8D N = 2
supergravity is given by
UM2 (1)⊗ U3
M2/S1
(1)⊗ U3
M2/T2
(1)⊗ U3KK (1) , (2.40)
where UM2 (1) stands for the gauge group associated with the gauge 3-form, U
3
M2/S1
(1)
for strings and U3
M2/T2
(1)× U3KK (1) for the gauge particles.
3 Attractor eqs of black p-branes
In this section, we study an unconstrained parametrization of the moduli space SL(3,R)
SO(3)
×
SL(2,R)
SO(2)
of the 8D maximal supergravity. This parametrization is based on using field
matrices in SL (3, R)× SL (2, R) and gauging out the SO (3)× SO (2) isometries of the
moduli space. Then, we examine the total expression of the effective scalar potential
Veff of the black p-branes and derive the general expression of the attractor equations
associated with the various black p- branes configurations living in 8D.
3.1 Moduli space of 8D supergravity
3.1.1 Scalar fields
In addition to the gauge fields and gauginos, the eight dimensional N = (2, 2) super-
gravity multiplet (2.25) has seven real scalar fields
{
φ1, ..., φ7
}
parameterizing a non
10
trivial scalar manifold. The first six scalars, to be denoted like
{
σ, ϕ(ab)
}
, T r (ϕ) = 0,
have a geometric interpretation in M theory compactification on the 3-torus; the seventh,
denoted as ϑ, has rather a stringy origin as the value of the gauge 3-form C(11D)MNP on T 3.
These scalars capture special features on maximal supergravity in 8D ; in particular the
two useful properties reported below.
First, the seven scalars φ1, ..., φ7 organize into two irreducible multiplets ϕ(ab)⊕ξ(ij) with
5 + 2 field components with the property
∑
a ϕ(aa) = 0,
∑
i ξ(ii) = 0. The fields ϕ(ab) are
given by the following real symmetric and traceless 3× 3 matrix,
S0 =


φ1 φ3 φ4
φ3 φ2 φ5
φ4 φ5 φ0

 , ST0 = S0 (3.1)
where we have set φ0 = −φ1−φ2 since TrS0 = 0. In group theoretic language [37], this
S0 matrix is associated with a particular real group element
M0 = expS0 (3.2)
of the SL (3, R) group manifold, M∗0 = M0, detM0 = 1; but moreover M
T
0 = M0 due
to ST0 = S0. By using the general result that each generic SL (n,R) matrix M can be
usually decomposed as the product U0 ×M0 × UT0 of an orthogonal SO (n) matrix U0
and a symmetric M0 one, it follows then that M0 is just a representative matrix of the
coset SL (3, R) /SO (3); that is a representative element of the class
M ≡ UTMU , M ∈ SL (3, R) , U ∈ SO (3) . (3.3)
The same analysis holds for the other two real fields ξ(ij); they organize into a real
symmetric and traceless 2× 2 matrix of the form
P0 =
(
σ ϑ
ϑ −σ
)
, Q0 = expP0 , (3.4)
with φ6 = σ, φ7 = ϑ. Here also, the real 2×2 matrix Q0 is a representative matrix of the
class Q ≡ V TQV with Q ∈ SL (2, R) and V ∈ SO (2). Therefore, the seven scalar fields{
φ1, ..., φ7
}
of the 8D maximal supergravity, organized as in eqs(3.1-3.4), parameterize
the real seven dimension non compact moduli space
SL (3, R)
SO (3)
× SL (2, R)
SO (2)
∼ SU (1, 2)
SU (2)
× SU (1, 1)
U (2)
. (3.5)
The second property, we want to comment is that the scalars
{
φ1, ..., φ7
}
generate φ-
dependent couplings among the components of the supergravity multiplet (2.25). Some
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of these couplings are given by the scalar functions N (p)IJ (φ) encountered previously (2.28-
2.30). The other couplings are given by self interactions as well as the coupling to the
gravity field Gµν as shown on the lagrangian density
SScalars = 132πG8
∫
d8x
√− detG Gµν gIJ (φ) ∂µφI∂νφJ (3.6)
where gIJ (φ) is the metric of (3.5).
To deal with the various couplings of these scalar fields as well as the effective potential
of the black branes Veff (φ) to be considered later on, we shall develop a formalism based
on the typical relations (3.3) and to which we refer to as the unconstrained method. This
formalism relies on working with two real matrix fields; namely a 3×3 matrix field (Lab)
and a 2× 2 matrix (Kij) that are valued in the SL (3, R) × SL (2, R) Lie group,
Lab ∈ SL (3, R) , Kij ∈ SL (2, R) (3.7)
and think about the SO (3)×SO (2) isometry of the moduli space as an auxiliary gauge
symmetry captured by auxiliary gauge fields ASO3×SO2µ . In this set up, physical observ-
ables are expressed in terms of the L and K matrices; but are SO (3)×SO (2) invariant.
Let us give some useful details.
3.1.2 More on unconstrained method
Being group elements of SL (3, R) × SL (2, R) group manifold, the real matrices L and
K satisfy the group theoretical constraint eqs,
LacL˜
cb = δba , L
−1 = L˜ , detL = 1
KilK˜
lj = δji , K
−1 = K˜ , detK = 1
(3.8)
fixing two real degrees of freedom among the real 9 + 4. The other (3 + 1) undesired
variables are fixed by requiring the following identifications under the SO (3) × SO (2)
symmetry of the moduli space
K ≡ V TKV , V ∈ SO (2)
L ≡ UTLU , U ∈ SO (3) (3.9)
where V = exp ητ with τ ≡ τ 2 given by eq(3.15) and U = exp ζaT a are gauge transfor-
mations with respective gauge parameters η = η (φ) and ζa = ζa (φ). Notice that the
three T a’s are given by the following antisymmetric 3× 3 matrices,
T1 =


0 1 0
−1 0 0
0 0 0

 , T2 =


0 0 1
0 0 0
−1 0 0

 , T3 =


0 0 0
0 0 1
0 −1 0

 . (3.10)
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We also require that the matrix gradients ∇so3µ L and ∇so2µ K, with ∇sonµ = ∂µ − Asonµ ,
are gauge covariant under these transformations so that their space time kinetic ener-
gies 1
2
√−GTr (Gµν (∇µL)L−1 (∇νL)L−1) + 12
√−GTr (Gµν (∇µK)K−1 (∇νK)K−1) are
gauge invariant. More precisely, we have
(∇µL)L−1 ≡ UT
[(∇so3µ L)L−1]U ,
(∇µK)K−1 ≡ V T
[(∇so2µ K)K−1] V , (3.11)
where the 8D vector fields
(Aso3µ ,Aso2µ ) are gauge fields associated with the SO (3) ×
SO (2) isometry of the moduli space. Under SO (3) × SO (2) change generated by the
(U, V ) orthogonal matrices, these gauge fields transform respectively as Aso3µ + U∂µUT ,
Aso2µ +V ∂µV T . Notice also that the gauge fields Aso3µ and Aso2µ are auxiliary fields in the
sense that they do not have kinetic terms; the elimination of these fields through their
equations of motion allows to express them as functions of the L and K matrices and
their space time derivatives,
Aso3µ = F (L, ∂µL) , Aso2µ = F (K, ∂µK) , (3.12)
which, up on substitution, induce non trivial self interactions amongst the matrix fields
leading to the metric of the moduli space SL(3,R)×SL(2,R)
SO(3)×SO(2)
.
The SO (3)×SO (2) identifications (3.9-3.11) can be explicitly illustrated by expressing
the field matrices L and K as Lie group elements like,
L = expϕ , K = exp ξ ,
U = exp ζ , V = exp η.τ 2 ,
(3.13)
with ϕ =
∑
a,b
(
ϕab − 13χδab
)
T ab, ξ =
∑
m,n
(
ξmn − 12κδMN
)
τmn which read also like,
ϕ =
8∑
A=1
ϕAT A, ξ =
3∑
α=1
ξατ
α, ζ =
∑
ζaT
a . (3.14)
Here the eight traceless 3×3 matrices T ab (or equivalently T A) are the generators of
SL (3, R); they may be split as (3 + 5) describing respectively T [ab] = εabcT c generating
the subgroup SO (3) and T (ab) generating the SL (3, R) /SO (3) manifold. The three 2×2
traceless matrices τmn (or equivalently τα) are the generators of SL (2, R); they split as
(1 + 2) describing respectively τ [mn] = εmnτ 2 generating SO (2) and τ (mn) generating the
space SL (2, R) /SO (2). These generators read as follows:
τ 1 =
(
0 1
1 0
)
, τ 2 =
(
0 1
−1 0
)
, τ 3 =
(
1 0
0 −1
)
(3.15)
with the relations
τ 1 = τ 12 + τ 21 , τ 3 = τ 11 − τ 22
τ 2 = τ 12 − τ 21 , δ0 = τ 11 + τ 22 (3.16)
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where sometimes we also use the notation τ 3 = τ 0. The net field variables parameter-
izing the typical coset manifolds SL (n,R) /SO (n) may be obtained by decomposing
the adjoint representation of SL (n,R) with respect to the irreducible representations of
SO (n). We have
n2 − 1 = n(n−1)
2
⊕ n(n+1)−2
2
(3.17)
where n(n−1)
2
stands for adSO(n) and
n(n+1)−2
2
for the traceless symmetric representation.
Gauge symmetry under SO (n) may be used to fix the antisymmetric part
∑
a,b ϕ[ab]T
[ab]
in the typical expansions (3.14) leaving free the real n(n+1)−2
2
variables.
In N = (2, 2) supergravity where the role of SL (n,R) is played by the direct product
SL (3, R) × SL (2, R), the decomposition with respect to SO (3)× SO (2) reads as,
SL (3, R) ⊃ SO (3) SL (2, R) ⊃ SO (2)
8 = 3⊕ 5 3 = 1⊕ 2 (3.18)
The (5 + 2) physical degrees of freedom ϕ(ab), ξ(ij) parameterizing (3.5) may be explicitly
exhibited by solving the above SO (3)×SO (2) identifications (3.9) to end with the gauge
fixed representatives L0 and K0 given by,
L0 = e
ϕ
0 , ϕ
0
=
∑
a,b ϕ(ab)T
(ab), ,
K0 = e
ξ
0 , ξ
0
=
∑
m,n ξ(mn)τ
(mn) ,
(3.19)
where ϕ(ab) = ϕ(ba), ξ(mn) = ξ(nm) and
∑
a ϕ(aa) = 0,
∑
m ξ(mm) = 0. For later use, we
rewrite the matrix K0 like,
K0 = exp (ϑτ 1 + στ 3) . (3.20)
These gauge fixed matrices should be compared with (3.1-3.4).
3.1.3 Maurer Cartan forms
In the unconstrained parametrization of the moduli space (3.5), the basic field variables
are the matrices L and K obeying (3.9-3.11). The variations of these field matrices are
captured by the Maurer Cartan 1-forms ΩSL3 ≡ Ω and ΩSL2 ≡ ω [34, 37] living on the
SL (3, R)× SL (2, R) group manifold. These real 1-forms,
Ω = −L (dL−1) ,
ω = −K (dK−1) , (3.21)
depend implicitly of the group parameters ϕA, ξα and their dϕA, dξα differentials and
exhibit two basic kinds of expansions; the first one with respect to the field differential
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basis
{
dϕA, dξα
}
and the second with respect to the generators {TA, τα} of the sl (3, R)⊕
sl (2, R) Lie algebra.
Differential basis
{
dϕA, dξα
}
Substituting the matrices L and K by their respective expressions exp
(∑
A ϕAT
A
)
and
exp (
∑
α ξατ
α) into eq(3.21), we see that we can expand these Maurer Cartan forms in
a series as follows
Ω =
8∑
A=1
dϕAΩA , ω =
3∑
α=1
dξαωα , (3.22)
with sections ΩA = −LTAL−1 and ωα = −KταK−1 which are noting but the Lie group
adjoint actions on the sl (3, R)⊕ sl (2, R) generators,
ΩA = −eadϕTA , ωα = −eadξτα . (3.23)
These sections are real matrices that are respectively valued in the sl (3, R) and sl (2, R)
Lie algebras as shown by the traces Tr (ΩA) = 0, Tr (ωα) = 0. Notice also that thinking
about sl (3, R) ⊕ sl (2, R) as a vector space, the Maurer Cartan fields Ω and ω may be
split as follows
Ω = ΩSO3 + ΩSL3/SO3 ,
ω = ωSO2 + ωSL2/SO2 ,
(3.24)
where the terms ΩSOn and ΩSLn/SOn are respectively the Maurer Cartan forms associated
with SO (n) group and the coset space SL (n,R) /SO (n).
Lie algebra basis {TA, τα}
Using specific properties of SL (n,R) matrices; in particular the adjoint action eABe−A =
eadAB with adAB = AB − BA and applying this to the field matrices L = eϕ, K = eξ,
we can express the sections ΩA = −eadϕTA and ωα = −eadξτα as an infinite series like,
ΩA = −TA −
∞∑
n=1
1
n!
[ϕ, [ϕ, ... [ϕ, TA] ...]]n ,
ωα = −τα −
∞∑
n=1
1
n!
[ξ, [ξ, ... [ξ, τα] ...]]n .
(3.25)
Now substituting ϕ =
∑
B ϕBT B and ξ =
∑
β ξβτ
β in these relations and using [ϕ, TA] =
FCBAϕ
BTC and [ξ, τα] = fγβαϕβτ γ with FCBA and fγβα standing for the structure constants
of the sl (3, R) and sl (2, R) Lie algebras, we learn that the ΩA and ωα matrices may be
expanded in terms of the generators
{T B; τβ} as follows
ΩA =
∑
B
ΘBATB , ωα =
∑
β θ
β
ατβ . (3.26)
Seen that these expansions are useful in dealing with attractor eqs of black p-branes; let
us collect here below the relevant relations:
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(i) the Maurer Cartan 1-forms Ω and ω (3.22) may be expanded into different ways;
either with respect to the differential form basis as
Ω =
8∑
A=1
dϕAΩA , ω =
3∑
α=1
dξαωα , (3.27)
or with respect to the Lie algebra generators like
Ω =
8∑
B=1
∆BTB , ω =
3∑
β=1
λβτβ , (3.28)
In the first expansion ΩA and ωα are matrices valued in the Lie algebras and in the
second development ∆B and λβ are real 1-forms. Combining the two expansions, we get,
Ω =
8∑
A,B=1
dϕAΘBATB , ω =
3∑
α,β=1
dξαθβατβ , (3.29)
with
∆B =
∑
A dϕ
AΘBA , λ
β =
∑
dξαθβα
ΩA =
∑
ΘBATB , ωα =
∑
θβατβ
(3.30)
and
ΘBA = −
(
eadϕ
)B
A
, θβα = −
(
eadξ
)β
α
. (3.31)
(ii) In the Cartan Weyl basis {Hi, E±η} ⊕ {τ 0, τ±} of sl (3, R) ⊕ sl (2, R), the Maurer
Cartan fields Ω and ω read as
Ω =
∑
i
∆iHi +
∑
η
(∆−ηE+η + Λ+ηE−η) ,
ω =
∑
λ0τ 0 +
∑
λ−τ+ +
∑
λ+τ− .
(3.32)
where η refers to the positive roots of sl (3, R) and where (∆i,∆±η) and
(
λ0, λ±
)
are
differential forms given by (3.30).
(iii) To solve the attractor eqs, we will use different representations to deal with the Mau-
rer Cartan forms; in particular the above ones but also Ω =
∑
dϕabΩab, ω =
∑
dξmnωmn
where Ωab and ωmn are related to ΩA and ωα as Ωab =
∑
ΩAT Aab and ωmn =
∑
ωατ
α
mn.
Similarly, we also have dϕA =
∑
dϕabT Aab and dξα =
∑
dξmnταmn. In this basis, the
Maurer Cartan forms associated with the SO (n) and SL (n,R) /SO (n) are given by the
antisymmetric and symmetric parts as shown below
Ω =
∑
a,b
dϕ[ab]ΩSO3[ab] +
∑
a,b
dϕ(ab)Ω
SL3/SO3
(ab) ,
ω =
∑
m,n
dξ[mn]ωSO2[mn] +
∑
m,n
dξ(mn)ω
SL2/SO2
(mn) .
(3.33)
In this representation, the SO (3)×SO (2) symmetry of the moduli space may be gauged
out by setting ΩSO3[ab] = 0, ω
SO2
[mn] = 0 leaving only the desired components Ω
SL3/SO3
(ab) and
ω
SL2/SO2
(mn) .
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3.2 Attractor equations
Attractor equations of black objects in 8D maximal supergravity are obtained by min-
imizing their effective potential Veff (φ); its Hessian matrix is then positive [33]. This
scalar potential depend on the coordinates
{
φI
}
of the moduli space of the theory. So,
attractor eqs follow from δVeff =
∑
∂V
∂φI
δφI . For arbitrary variations δφI , we have the
following constraint relations:
∂Veff
∂φI
= 0 , det
(
∂2Veff
∂φI∂φJ
)
> 0 , I, J = 1, ..., N , (3.34)
whose solutions fix the values of the field moduli at the black object near horizon geom-
etry in terms of the charges q and p; i.e φI = φI (p, q).
3.2.1 Effective potential
In 8D maximal supergravity where lives several kinds of black p-branes, the total effective
potential, induced from the kinetic energies of the gauge fields strengths at the horizon,
is given by the sum over individual components Vp associated with each black p-brane
as given below,
Veff = (V0 + V4) + (V1 + V3) + V2 . (3.35)
The scalar components Vp, which are related by the electric/magnetic duality property
V˜p = V4−p, are functions of the scalar fields (3.1) and the charges
{
gI , eI
}
of the branes,
Vp = Vp
(
φ1, ..., φ7; gI , eI
)
. (3.36)
In the unconstrained formulation of the moduli space, the effective potential dependence
in the φ’s is realized through the field matrices Lab = Lab (φ) , Kij = Kij (φ) so that the
Vp components are functionals like,
Vp = Vp
[
L (φ) , K (φ) ; gI , eI
]
, (3.37)
with the symmetry property
Vp [L,K] = Vp [L′, K ′] , (3.38)
where
L′ = UTLU, K ′ = V TKV, (3.39)
are gauge transformations expressing invariance under SO (3)× SO (2) isometry of the
moduli space. The individual potentials V0, V1 and V˜0 = V4, V˜1 = V3 are explicitly
expressed like
V0 = 12
∑
XaiδabδijX
bj , V˜0 = 12
∑
X˜aiδ
abδijX˜bj ,
V1 = 12
∑
Y aδabY
b , V˜1 = 12
∑
Y˜aδ
abY˜b .
(3.40)
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In these relations, Xai and X˜ai are respectively the dressed central charges of the black
holes and their 4-branes dual while the fields Y a, Y˜a are the dressed central charges of
the black strings and their 3-branes dual. We also have
V2 = 12Z2el + 12Z2mag , (3.41)
describing the effective potential of the black membrane. To exhibit the SO (3)×SO (2)
symmetry of this potential as in (3.40), it is interesting to think about V2 as given by
the following symplectic form
V2 =
∑
Z iδijZ
j , (3.42)
with Z i = (Zmag, Zel). Moreover, by using the field matrices L, K and the bare electric
and magnetic charges associated with the various fields strengths of the supergravity
theory, we can express the above dressed charges as follows
Xai =
∑
P bj LabK
i
j , X˜ai =
∑
(L−1)
b
a (K
−1)
j
i Qbj , (3.43)
and
Y a =
∑
pb Lab , Y˜a =
∑
(L−1)
b
a qb , (3.44)
as well as
Z i =
∑
Kij h
j . (3.45)
These dressed charges obey the typical SO (3)× SO (2) symmetry properties
Xai ≡∑XbjUab V ij , Y a ≡∑Y bUab , Z i ≡∑ZjV ij (3.46)
that are induced by the symmetric features satisfied by the fields matrices L and K.
3.2.2 Attractor equations
To get the attractor equations of the black p-branes, we extremize the above effective
potential Veff with respect to the scalar fields
{
φI
}
. Since Veff is a functional of these
scalar fields that can be either thought of as
Veff = Veff [Lab (φ) , Kij (φ)] (3.47)
or in terms of the dressed central charges given by eqs(3.43-3.45),
Veff = Veff
[
Xai (φ) , Y a (φ) , Z i (φ) , X˜ai (φ) , Y˜a (φ)
]
, (3.48)
we can state its extremum in two different, but equivalent, ways. Below, we shall refer
to these dressed central charges collectively by ΨI (φ) and express the attractor eqs both
in terms of (3.47) and (3.48).
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Using eq(3.47)
By using the matrix fields L and K as well as symmetry under SO (3) × SO (2), the
extremization of the potential is given by,∑(∂Veff
∂Lab
)
∂Lab
∂ϕA
dϕA +
∑(∂Veff
∂Kij
)
∂Kij
∂ξα
dξα = 0 . (3.49)
So the attractor equations read, up to SO (3)× SO (2) transformations, as follows:
dϕATr
[
LTA
(
∂Veff
∂L
)]
= 0 , A = 1, . . . , 8
dξαTr
[
Kτα
(
∂Veff
∂K
)]
= 0 , α = 0, 1, 2
(3.50)
in agreement with the SL(3,R)
SO(3)
× SL(2,R)
SO(2)
factorization of the moduli space.
Using eq(3.48)
In this case the extremization condition δVeff = 0 may be also written as,∑(∂Veff
∂ΨI
)
∂ΨI
∂Lab
δLab +
∑(∂Veff
∂ΨI
)
∂ΨI
∂Kab
δKab = 0 (3.51)
Using eqs(3.35-3.40), we can bring this constraint relation into the form,
δVeff = +
∑
δabδij
(
XbjδXai
)
+
∑
δabδij
(
X˜bjδX˜ai
)
+
∑
δabY
bδY a +
∑
δabY˜bδY˜a+
∑
δijZ
jδZ i
(3.52)
with
δXai = +
∑(
Ωabδ
i
j + ω
i
jδ
a
b
)
Xbj , δY a = +
∑
ΩabY
b
δX˜ai = −
∑(
Ωbaδ
j
i + ω
j
iδ
b
a
)
X˜bj , δY˜a = −
∑
ΩbaY˜b
δZ i = +
∑
ωijZ
j ,
(3.53)
and where the 1- forms Ω = (δL)L−1 and ω = (δK)K−1 are respectively the Cartan
Maurer forms of the SL (3, R) and SL (2, R) that we have studied previously. Putting
these relations back into (3.52), we can read the attractor equations from the following
relation,
δVeff = Tr
(
XΩX − X˜ΩX˜
)
+ Tr
(
Y ΩY − Y˜ ΩY˜
)
+ Tr
(
XωX − X˜ωX˜
)
+ Tr (ZωZ) = 0
(3.54)
Rewriting this constraint equation as a linear combination of the Maurer Cartan 1-forms
on the SL (3)⊗ SL (2) group manifold like∑
a,b
ΥbaΩab +
∑
i,j
̥
jiωij = 0 (3.55)
with Ωab =
∑
A dϕ
A (ΩA)ab, ωij =
∑
α dξ
α (ωα)ij and,
Υab =
∑(
δijX
aiXbj − δijX˜aiX˜bj
)
+
(
Y aY b − Y˜aY˜b
)
,
̥
ij =
∑(
δilδabX
alXbj −∑ δabδikδjlX˜akX˜bl)+ Z iZj , (3.56)
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the attractor equations can be expressed as follows:
Υab ΩSO3[ab] +Υ
ab Ω
SL3/SO3
(ab) = 0 ,
̥
ij ωSO2[ij] +̥
ij ω
SL2/SO2
(ij) = 0 ,
(3.57)
where the Maurer Cartan 1-forms are as before. Notice that from eqs(3.56), the tensors
Υab and ̥ij are symmetric (Υab = Υ(ab), ̥ij = ̥(ij)) and so the first terms of above
relations namely Υ(ab) ΩSO3[ab] and ̥
(ij) ωSO2[ij] vanish identically. This property reflets just
invariance under the SO (3) × SO (2) isometry of the moduli space. So, the attractor
equations of the black p-branes of maximal supergravity in 8D read as follows,
Υ(ab)Ω
SL3/SO3
(ab) = 0 , ̥
(ij) ω
SL2/SO2
(ij) = 0 (3.58)
where now Υ(ab) and ̥(ij) are precisely as in eqs(3.56).
4 Solving the attractor eqs
We first study the solutions of the attractor eqs for the dyonic black membrane with
the near horizon geometry AdS4 × S4; actually this completes the partial results given
in [33]. Then, we examine the other black attractor solutions corresponding to the p-
branes with near horizon geometries AdSp+2 × S6−p.
4.1 Dyonic membrane
The dyonic black membrane of 8D maximal supergravity has a near horizon geometry
AdS4 × S4 in which the electric e and magnetic g charges of the 4-form F4 are switched
on
F4 = eα4 + gβ4 , F˜4 ∼ F4 . (4.1)
The real 4-forms α4 = αAdS4 and β4 = βS4 are respectively the volume forms on the non
compact AdS4 and the compact n-sphere S
4. We have
1
VAdS4
∫ Λ
AdS4
α4 = 1 ,
1
V
S4
∫
S4
β4 = 1 (4.2)
with VAdS4 describing a regularized volume with Λ some UV regularization parameter.
We also have ∫
AdS4×S
4 F4 ∧ F˜4 ∼ egVtot , (4.3)
where Vtot = VAdS4 ×VS4 and where the electric and magnetic charges of the membrane
are related by the Dirac quantization relation eg ∼ n. Notice that p-forms with p 6= 4,
which are associated with the other p-black branes of the 8D supergravity, are not
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supported by the AdS4 × S4 geometry since there is no p-cycles allowing relations type
(4.1). As such the charges P ai, Qia, p
a, qa are switched off; so the attractor eqs reduce
to the following conditions on the dressed central charges,
Z iZjωij = 0 . (4.4)
A standard way to deal with relation is to suppose ωij 6= 0 ∀i, j; and end with the
constraint eqs Z iZj = 0 leading to the trivial solution Z i = 0; ie Zelc = Zmag = 0. This
solution, which requires the vanishing of the bare electric and magnetic charges;
g = 0 , e = 0, (4.5)
corresponds then to a trivial configuration with no black membrane charges. To get more
insight into eq(4.4), let us work out explicitly the minimum of the effective potential
Veff = Veff (σ, ϑ) of the black membrane whose explicit expression is as in eq(3.41).
The corresponding attractor equations,
∂Veff
∂σ
= 0 ,
∂Veff
∂ϑ
= 0 , (4.6)
lead to,
2Z2 (Z1Z1 − Z2Z2) = 0 ,
2Z2 (Z1Z2 + Z2Z1) = 0 ,
(4.7)
where we have set Z2 =∑i,j (Z iδijZj). Moreover, the Hessian matrix is given by,
∂2Veff
∂σ2
= 4Z2 (Z1Z1 − Z2Z2)2 ,
∂2Veff
∂ϑ2
= 4Z2 (Z1Z2 + Z2Z1)2 ,
∂2Veff
∂ϑ∂σ
= 4Z2 (Z1Z2 + Z2Z1) (Z1Z1 − Z2Z2) .
(4.8)
From these relations, we see that the solution of the attractor eqs (4.6) is given by the
trivial values Z1 = 0, Z2 = 0 requiring g = 0, e = 0 in agreement with eqs(4.4,4.5).
4.2 Black pairs in AdS2+p × S6−p geometries
Here we study the general solutions of the attractor equations concerning the system
made of black strings and their dual magnetic 3-branes in the AdS3 × S5 geometry.
Then, we consider explicit solutions for black strings recovered from the pair strings/3-
branes by switching off the electric charges qa. Similar analysis may be done for the pair
black holes/4-branes; it is omitted.
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4.2.1 black pair: strings/3-branes
We begin by recalling that the near horizon geometries of the black strings and the black
3-branes in 8D maximal supergravity are respectively given by AdS3×S5 and AdS5×S3.
But here we will mainly focus on the AdS3×S5 geometry; a similar analysis is also valid
for AdS5 × S3. Recall that, generally speaking, the metric of AdSp+2 × S6−p geometry
of black p-branes reads as follows,
ds28 = R
2
AdSpds
2
AdSn +R
2
S8−nds
2
S8−n (4.9)
with
ds2AdSn = dρ
2 − sinh2 ρ dτ + cosh ρ d̟2n−2 (4.10)
and ρ ≥ 0, τ ∈ [0, 2π] and d̟2n the length element on the unit n-sphere Sn inside the
non compact AdS space.
In the case of the AdS3 × S5 near horizon geometry, the black strings are located in the
AdS3 part of the AdS3 × S5 space and their dual magnetic 3-branes wrap the S5/S2 as
illustrated below,
AdS3 S
5 T 3
0 1 2 3 4 5 6 7 8 9 10
M2 × × ◦ ◦ ◦ ◦ ◦ ◦ × ◦ ◦
M5 × ◦ ◦ × × × ◦ ◦ ◦ × ×
(4.11)
together with the two other permutations in the 3-torus directions. In this view, the
field strengths Fa3 that couple the strings and their magnetic duals F˜5a that couple the
3-branes are respectively given by Fa3 = paα3 and F˜5a = qaβ5. The magnetic charges pa
of the strings and the electric qa of the 3- branes are given by the fluxes,
pa ∼ ∫
AdS3
Fa3 = pa
∫
AdS3
α3,
qa ∼
∫
S5
F˜5a = qa
∫
S5
β5,
(4.12)
where α3 and β5 stand for the volume forms α
AdS3
3 and β
S5
5 . We also have,∫
AdS3×S5
Fa3 ∧ F˜5b ∼ paqbVAdS3×S5 , (4.13)
where VAdS3×S5 = VAdS3 × VS5.
The attractor equations describing the system of black strings/3-branes in the AdS3×S5
geometry follow from the extremization of their effective potential V1 + V3 = V1 + V˜1
which reads in terms of the dressed charges Y a, Y˜a as follows
V1 + V˜1 = 12
∑
Y aδabY
b + 1
2
∑
Y˜aδ
abY˜b . (4.14)
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The computation of δ
(
V1 + V˜1
)
= 0 leads to the condition
(
Y aY b − Y˜ aY˜ b
)
Ω(ab) = 0
where the 3 × 3 matrix field Ω is the Maurer Cartan 1-form on SL (3, R). Now, seen
that
(
Y aY b − Y˜ aY˜ b
)
is a symmetric matrix, the above condition reduces to,
(
Y aY b − Y˜ aY˜ b
)
Ω
SL3/SO3
ab = 0 , (4.15)
where now Ω
SL3/SO3
ab is the Maurer Cartan 1-forms on the SL (3, R) /SO (3) coset man-
ifold, in agreement with SO (3) × SO (2) isometry of the moduli space. The attractor
equations reads then as follows:
Ω
SL3/SO3
ab 6= 0 ,
(
Y aY b − Y˜ aY˜ b
)
= 0 . (4.16)
Since the dressed charges Y a, Y˜ a depend on the matrix field L and the charges pa, qa,
the solving of the above equations turns to fixing the fields Lab in terms of the electric
and magnetic charges of the black objects. A particular solution with p 6= 0, q 6= 0 is
given by
(L2)ba ∼ pbqap2 , (L−2)
ab ∼ qapb
q2
, (4.17)
with p2 =
∑
pcp
c and q2 =
∑
qcq
c.
Notice that expanding the real 1-form matrix field Ω along the basis of SL (3, R) as
follows,
Ω =
8∑
A=1
T A ∆A , (4.18)
we can also put (4.15) in the equivalent form
8∑
A=1
∆A
∑(
Y aT AabY b − Y˜ aT Aab Y˜ b
)
= 0 , (4.19)
In terms of these matrices, the attractor eqs read as follows,
(
Y T AY )− (Y˜ T AY˜ ) = 0 , ∆A 6= 0 . (4.20)
Notice the three following:
(i) the attractor eqs associted with the SO(3) geberators given by values A = 1, 2, 3
vanish identically since for these values we have T Aab = −T Aba .
(ii) the non zero contributions comes from the remaining five generators T4,..., T8. These
3× 3 generators are real, symmetric and traceless matrices.
(iii) Altogether with the SO (3) generators T1, T2, T3 given by (3.10), the real matrices
T4,..., T8 generate the eight dimensional SL (3, R) symmetry. These T4,..., T8 matrices
can be explicitly read by help of eq(3.1); from which we learn that the two diagonal
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generators T4 and T5 are given by
T4 =


1 0 0
0 0 0
0 0 −1

 , T5 =


0 0 0
0 1 0
0 0 −1

 (4.21)
and the three non diagonal ones are as follows
T6 =

 0 1 01 0 0
0 0 0

 , T7 =

 0 0 10 0 0
1 0 0

 , T8 =

 0 0 00 0 1
0 1 0

 (4.22)
Putting the decomposition (4.18) back into eq(4.15), we can bring it to the form
∑8
A=4Υ
A−3
∆A = 0, with Υ
A = Y T AY − Y˜ T AY˜ or more explicitly
ΥA =
3∑
a,b=1
(
Y aY b − Y˜ aY˜ b
)
T Aab . (4.23)
By substituting T Aab by their values (4.21), we can also put the components ΥA like,
Υ1 = (Y 1Y 1 − Y 3Y 3)−
(
Y˜ 1Y˜ 1 − Y˜ 3Y˜ 3
)
Υ2 = (Y 2Y 2 − Y 3Y 3)−
(
Y˜ 2Y˜ 2 − Y˜ 3Y˜ 3
)
Υ3 = 2
(
Y 1Y 2 − Y˜ 1Y˜ 2
)
Υ4 = 2
(
Y 1Y 3 − Y˜ 1Y˜ 3
)
Υ5 = 2
(
Y 2Y 3 − Y˜ 2Y˜ 3
)
(4.24)
where Y a and Y˜ a are as in eqs(3.44). Combining eqs(??-4.23), we learn that, depending
on the values of dressed charges Y and Y˜, there are several kinds of solutions for the
attractor equations
Υ1 = Υ2 = Υ3 = Υ4 = Υ5 = 0, (4.25)
whose solution reads, up to SO (3) transformation, as follows,
Y a =

 y0
0

 , Y˜ a = ±

 y0
0

 (4.26)
with y is a non zero real number. These relations describe two solutions; one with a sign
(+) corresponding to a black string/3-brane pair and the second with sign (−) associated
with a black string/anti 3- brane pair. These solutions fix three real scalars amongst the
seven ones parameterizing SL(3,R)×SL(2,R)
SO(3)×SO(2)
reducing thus the moduli space down to
SL (2, R)× SL (2, R)
SO (2)× SO (2) .
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4.2.2 black strings
The attractor equations for the black strings may be obtained by starting from eqs(4.24)
describing the attractor eqs of the strings/ (anti) 3-brane pairs; then set to zero the
charges of the (anti) 3-branes
qa = Y˜a = 0. (4.27)
This leads to the relations
θ1 (Y
1Y 1 − Y 3Y 3) = 0
θ2 (Y
2Y 2 − Y 3Y 3) = 0
θ3Y
1Y 2 = 0
θ4Y
1Y 3 = 0
θ5Y
2Y 3 = 0
(4.28)
where Y a are the dressed charges associated with the black strings and where we have
set θA = ∆A−4. In the case where all the ∆A’s are non zero, it is clear that all the dressed
charges should vanish
Y a = 0 , θA 6= 0 . (4.29)
5 Intersecting attractors
From the results of [33], we learn that one should distinguish two main classes of black
p-brane solutions in higher dimensional supergravity. In the 8D case we are interested
in here, these are:
(1) the standard black p- brane solutions based on AdS2+p×S6−p, p = 0, 1, 2, 3, 4, whose
features have been explicitly analyzed in previous sections.
(2) the so called intersecting attractors with the typical near horizon geometries
AdS2+p × Sm × T 6−p−m , p = 0, 1, 2, 3, 4 , p+m ≤ 5. (5.1)
The novelty with these geometries is that they allow the two following: (i) a variety of
irreducible sub-manifolds that support various kinds of branes and so a rich spectrum of
electric and magnetic charges; (ii) non trivial intersections between pi-/pj- cycles of (5.1)
leading to intersecting (BPS and non BPS) attractors. To illustrate the first point, we
consider the example of the two compact manifolds Sm+n and Mm+n = Sm × T n with
same dimension. While the sphere Sm+n supports only charges of (m+ n− 2)-brane
charges
Fn+m = g ̟n+m , g =
∫
Sm+n
Fn+m , (5.2)
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and no (m− 1)- brane nor others, the manifold Sm× T n allows however many possibili-
ties. It has several irreducible pi- cycles that support, in addition to (m+ n− 2)-branes,
other kinds; in particular n types of (m− 1)-branes with charges given by,
ga =
∫
C
(a)
m+1
Fm+1 , Fm+1 =
∑
a
ga̟
m+1|a
,∫
C
(a)
m+1
̟
m+1|b
= δab , a = 1, ..., n ,
(5.3)
where the C(a)m+1 cycles stand for
⋃n
a=1 (S
1
a × Sm) with
∏n
a=1 S
1
a = T
n. The branes may be
imagined as filling the fiber F
(a)
m−1 of these cycles C(a)m+1 thought of in terms of the fibration
C(a)m+1 ∼ F(a)m−1 × S2 with field strength Fm+1 = βS2 ∧
(∑
a
gaβ
F
(a)
m−1
)
.
Using the anzats of [33], we focus below on the study of various examples of these
typical horizon geometries and work out new and explicit solutions regarding intersecting
attractors in the case of 8D maximal supergravity. As the solutions are very technical,
we will concentrate on drawing the crucial lines and give the results.
5.1 Geometries with AdS4 factor
We consider two examples: (a) AdS 4×S 3×S 1 and (b) AdS 4×S 2×T 2; the other possibil-
ity namely AdS 4×S 4 has been considered in subsection 4.1. On the AdS 4×S 3×S 1 near
horizon geometry, the non vanishing field strength charges of the 8D maximal super-
gravity are: (i) the magnetic pa of the strings, (ii) the qa of the 3-branes and (iii) the
(e, g) charge of the dyonic membrane. In the case of AdS 4×S 2×T 2, there are moreover
non trivial black hole charges and 4-brane ones; more precisely:
Field strengths on AdS 4×S 3×S 1
Using the volume forms αAdS4 and βSn with n = 1, 3, we have the following field strengths
relations:
p-branes (4− p)- branes
p = 0 Fai2 = 0 F˜6|ai = 0
p = 1 Fa3 = paβS3 F˜5|a = qaαAdS4∧βS1
p = 2 F4 = e αAdS4 + g (βS3∧βS1)
(5.4)
The vanishing of the charges of the fields strengths Fai2 and F˜6|ai are due to the fact that
there is no compact 2-cycles nor 6-cycles on the AdS 4×S 3×S 1 geometry that support
black holes and black 4-brane charges.
Field strengths on AdS 4×S 2×T 2
This horizon geometry has, in addition to non compact AdS 4 thought of as a regularized
4-cycle
∫ Λ
AdS4
αAdS4 = VAdS4 (Λ) with regularization parameter Λ, compact n-cycles C
(x)
n ⊆
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S 2×T 2, with n = 1, 2, 3, 4 and regularized m-cycles Rm =AdS 4 × C(x)n with m = n + 4
supporting brane charges. Using the anzats of [33], we have the corresponding field
strengths:
p-branes (4− p)- branes
p = 0 Fai2 = P aiβS2 F˜6|ai = QaiαAdS4∧βT 2
p = 1 Fa3 =
2∑
r=1
parβS2∧βS1r F˜5|a =
∑
r
qarαAdS4∧βS˜1r
p = 2 F4 = e αAdS4 + g (βS2∧βT 2)
(5.5)
where the black string and the black 3-brane fill respectively the S1 and S˜1 cycles in the
2-torus T 2 = S1× S˜1. With these electric and magnetic bare charges, we can deduce the
dressed ones and derive the effective potentials associated with these configurations.
5.1.1 AdS 4×S 3×S 1
In the case of AdS 4×S 3×S 1 geometry, the corresponding effective potential Veff can
be read from (3.35,3.40,3.41) namely 1
2
Y aδabY
b+ 1
2
Y˜aδ
abY˜b+
1
2
Z iδijZ
j; its extremization
δVeff = 0 gives ∑
A
∆A
(
Y T AY − Y˜ T AY˜
)
+
∑
α
λα (Zτ
αZ) = 0 , (5.6)
where ∆A and λα are 1-forms on the moduli space as in (3.30) and where T A, τα are
respectively the generators of SL(3, R) and SL(2, R). The attractor eqs following from
the above extremum namely
Y T AY − Y˜ T AY˜ = 0 ,
ZταZ = 0 ,
(5.7)
are solved as Y a = +Y˜ a (or Y a = −Y˜ a ) and Zelec = Zmag = 0. This configuration
describes three dual pairs of strings/3-branes (or strings/anti- 3-branes) intersecting
along the time direction and has a nice interpretation in M-theory compactified on T 3.
A typical configuration involving one string and one 3-brane is given by the following
wrapped M2/M5 system
AdS4 S
3 S1 T 3
0 1 2 3 4 5 6 7 8 9 10
M2 × × ◦ ◦ ◦ ◦ ◦ ◦ × ◦ ◦
M5 × ◦ ◦ ◦ × × × ◦ ◦ × ×
(5.8)
The two other possible configurations correspond to permuting the role of the coordi-
nates of the 3-torus.
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5.1.2 AdS 4×S 2×T 2 case
On the geometry AdS 4×S 2×T 2 involving the volume forms αAdS4 , βS2 , βS1r , the non
vanishing field strength charges are given by eq(5.5). Using same approach as before,
we can determine the effective potential Veff associated with this configuration; its Its
extremization δVeff = 0 leads to
∑
A
∆A
2∑
i=1
(
XaiT AabXbi − X˜aiT Aab X˜bi + Y aiT AabY bi − Y˜ aiT Aab Y˜ bi
)
+
∑
α
λα
(
δab
[
XaiταijX
bj − X˜aiταijX˜bj
]
+ Z iταijZ
i
)
= 0 ,
(5.9)
where ∆A, λα T A, τα are same as before. The attractor eqs,
2∑
i=1
(
XaiT AabXbi − X˜aiT Aab X˜bi + Y aiT AabY bi − Y˜ aiT Aab Y˜ bi
)
= 0 ,
δab
(
XaiταijX
bj − X˜aiταijX˜bj
)
+ Z iταijZ
i = 0 ,
(5.10)
have two classes of solutions depending on whether Z i = 0 or Z i 6= 0. We have:
Case (Zelec, Zmag) = (0, 0)
In this case, the corresponding attractor eqs may be solved in various ways; in particular
by compensating the terms of the sum like Xai = ±X˜ai, Y ai = ±Y˜ ai. These config-
urations describe intersecting attractors involving black holes, black strings and their
duals.
Case (Zelec, Zmag) 6= (0, 0)
One of the solutions of the attractor eqs (5.10) consists to compensate the terms of the
sum as follows:
First solve the first relation of (5.10) like Xai = ±Y˜ ai, Y ai = ±X˜ai,
Then, solve the second relation by taking Xai = ±νX˜ai with ν some real number; this
leads to [(
ν2 − 1) X˜aiταijX˜bjδab + Z iταijZ i] = 0 (5.11)
from which we learn
Z i = ±
√
1− ν2
3
3∑
a=1
X˜ai (5.12)
where reality property of the central charges Z i imposes to the free parameter ν to belong
to the set [0, 1].
5.2 Geometries with AdS3
We distinguish two cases: AdS 3×S 3×T 2 and AdS 3×S 2×T 3; here we focus on the first
case as it allows more possibilities. The fluxes emanating from the black branes associated
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with AdS 3×S 3×T 2 are given by,
p-branes (4− p)- branes
p = 0 Fai2 = 0 F˜6|ai = 0
p = 1 Fa3 = paβS3 F˜5|a = qaαAdS3∧ βT 2
p = 2 F4 =
∑
r=1,2
erαAdS3 ∧ αS1r +
∑
r=1,2
grβS3∧ βS1r
(5.13)
from which we read the total effective potential,
Veff = 1
2
2∑
r=1
(
Z2el,r + Z
2
mag,r
)
+
1
2
(
Y aiδabY
bi + Y˜ ajδabY˜
bj
)
(5.14)
and whose extremization of Veff gives,∑
A
∆A
(
Y T AY − Y˜ T AY˜
)
+
∑
α
λαZτ
αZ = 0.
The corresponding attractor equations are given by∑
a,b
(
Y aT AabY b − Y˜ aT Aab Y˜ b
)
= 0 , A = 1, ..., 8∑
i,j,r
(
Z irτ
α
ijZ
j
r
)
= 0 , α = 1, 2, 3
(5.15)
The first relations are solved as usual that is Y ai = ±Y˜ ai and the second ones like Z ir =
zδir; thanks to the identity z
2Tr (τα) = 0. This configuration describes an intersecting
attractor made of black string/black 3-branes and black membrane,
AdS 3 S
3 T 2 T 3
0 1 2 3 4 5 6 7 8 9 10
M2 × × × ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
M2 × × ◦ ◦ ◦ ◦ ◦ ◦


×
◦
◦
◦
×
◦
◦
◦
×
M5 × × ◦ ◦ ◦ ◦ × ×


◦
×
×
×
◦
×
×
×
◦
(5.16)
In the case where the 1-forms ∆i 6= 0 and λα 6= 0 and the other vanishing, the attractor
eqs reduce to (
Y aHiabY b − Y˜ aHiabY˜ b
)
= 0 ,∑
i,j,r
(
Z irτ
0
ijZ
j
r
)
= 0 ,
(5.17)
lead to Y b = ±Y˜ a and Zel,r = ±Zmag,r.
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5.3 Geometries with AdS2
In this subsection, we study explicitly the attractor mechanism for three examples of
near horizon geometries with non compact AdS2 factors; these are: (a) AdS 2×S 3×T 3,
(b) AdS 2×S 2×T 4 and (c) AdS 2×S 4×T 2
5.3.1 AdS 2×S 3×T 3
On this geometry, the non vanishing field strength charges are as follows
p-branes (4− p)- branes
p = 0 Fai2 = Qai αAdS2 F˜6|ai = Pai βS3 ∧ βT 3
p = 1 Fa3 =
2∑
r=1
paβS3 F˜5|a =
∑
r
qaαAdS2∧ βT 3
p = 2 F4 =
∑
eI ε
IJKα
AdS2
∧βS1J ∧ βS1K +
∑
gIβS3 ∧ βS1I
(5.18)
where I, J,K = 1, 2, 3 are associated with the three 1-cycle generators of the 3-torus.
From these field strengths, we learn that this geometry supports:
(i) 3 × 2 electrically charge black holes with charges Qai and their magnetic duals with
magnetic charges Pai,
(ii) three magnetically charged strings with charge pa, and three electrically charged
3-branes with charge qa,
(iii) three dyonic membranes with charges
(
gI , eI
)
.
Following the same approach we have been using, the effective potential Veff of these
black brane configurations reads as follows,
Veff = 12
∑(
XaiδabδijX
bj + X˜aiδ
abδijX˜bj
)
+1
2
∑(
Y aδabY
b + Y˜aδ
abY˜b
)
+1
2
∑
Z iIδijZ
j
I
(5.19)
where summation over the various indices is understood. The extremization of this
effective potential leads to
δVeff =
∑
A
∆AΥ
A +
∑
α
λα̥
α = 0, (5.20)
with
ΥA =
(
Y aT AabY b − Y˜ aT Aab Y˜ b
)
+
2∑
i=1
(
XaiT AabXbi − X˜aiT Aab X˜bi
)
̥
α =
[
3∑
a=1
(
XaiταijX
aj − X˜aiταijX˜bj
)
+
∑
I
Z iIτ
α
ijZ
i
I
] (5.21)
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The solutions of these attractor eqs ΥA = 0, ̥α = 0 may be realized in various ways;
one of them is given by the following:
Y a = ±Y˜ a , Xai = ±X˜ai , Z iI = 0 (5.22)
The solutions with plus signs describe intersecting attractor involving three strings, three
3-branes, six black holes and six 4- branes; but no membrane; those with minus signs
are associated with the corresponding anti-branes.
5.3.2 AdS 2×S 2×T 4
On this geometry, the general form of the field strengths reads as follows,
p-branes (4− p)- branes
Fai2 = P iaβS2 F˜6|ai = QiaαAds2 ∧ βT 4
Fa3 =
∑
pak
(
βS2 ∧ βS1k
)
F˜5|a =
∑
qaiε
ijkl
(
αAds2 ∧ βS1j ∧ βS1k ∧ βS1l
)
F4 =
∑
e[kl]ε
klrs
(
αAds2 ∧ βS1r×S1s
)
+ g[rs]
(
βS2 ∧ βS1r×S1s
)
(5.23)
The total effective potential reads, in terms of the dressed central charges of the black
holes/4-branes
(
X ia, X˜ia
)
, the four triplets of black strings/3-branes
(
Y ak , Y˜
k
a
)
1≤k≤4
and
the six-uplet dressed electric charges Zelc[kl] = Z
1
[kl] and magnetic Z
mag
[kl] = Z
2
[kl] of the dyonic
membranes, as follows:
Veff = 12
3∑
a,b=1
2∑
i,j=1
(
XaiI δabδijX
bj
I + X˜
I
aiδ
abδijX˜Ibj
)
+1
2
4∑
k=1
3∑
a,b=1
(
Y ak δabY
b
k + Y˜
ajδabY˜
bj
)
1
2
4∑
k,l=1
2∑
i,j=1
(
Z i[kl]δijZ
j
[kl]
) (5.24)
Its gives the attractor eqs
Tr
(
XT AX)− Tr (X˜T AX˜) = 0 ,
4∑
k=1
[
Tr
(
YkT AYk
)− Tr (Y˜kT AY˜k)] = 0 ,
4∑
k,l=1
Tr
(
Z[kl]τ
αZ[kl]
)
= 0 .
(5.25)
The two first relations are solved as usual; i.e Xai = ±X˜ai, Y ak = ±Y˜ ak while the third
has various solution based on choices that lead to Tr (τα). These solutions corresponds
to diverse configurations involving intersecting of black hole, black 4-brane, black string,
black 3-brane and black 2-brane.
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5.3.3 AdS 2×S 4×T 2
Using the various n-cycles of AdS 2×S 4×T 2 and the corresponding n-forms that could
live on, the general expressions of the field strengths on this geometry reads as follows,
p-branes (4− p)- branes
Fai2 = QiaαAdS2 F˜6|ai = Pia βS4 ∧ βT2
Fa3 =
2∑
k=1
qak
(
αAdS2 ∧ αS1k
)
F˜5|a =
2∑
k=1
pka
(
βS4 ∧ αS1k
)
F4 = e (αAdS2 ∧ αT 2) + gβS4
(5.26)
where now the strings are charged electrically and the 3-branes magnetically. The total
effective potential Veff associated with this system is given as usual by the sum of the
contribution of each extremal black-brane. The attractor equations following from the
extremization of Veff are then given by:
TrX˜T AX˜ − Tr (XT AX)+ 2∑
k=1
[
Tr
(
Y˜kT AY˜k
)
− Tr (YkT AYk)] = 0 ,
Tr (ZταZ) + Tr
(
XT AX)− Tr (X˜ταX˜) = 0 , (5.27)
whose solutions are given by Y˜ ak = ±Y ak , X ia = ±X˜ ia, Z i = 0.
6 Conclusion
Motivated by the new results obtained in [33], we have focused in this paper on 8D
maximal supergravity embedded in 11D M-theory on T 3; and studied the attractor
mechanism of black p-branes and their intersections. In particular, we have considered
different configurations of black brane systems and derived various classes of solutions
of their attractor eqs depending on the values of the dressed charges.
To do so, we first studied the general structure of 8D non chiral maximal supersymmetric
algebra with p-branes as well its link with M- theory compactified on T 3. Then we have
developed an unconstrained formalism to approach the geometry of the moduli space
[SL (3, R)× SL (2, R)] / [SO (3)× SO (2)] and the symmetries of effective potential Veff
of the black p-branes of the 8D maximal supergravity. In this way the scalar moduli of the
supergravity are captured by two matrices Lab and Kij valued in the SL (3, R)×SL (2, R)
Lie group manifold; the extra degrees of freedom are suppressed by requiring gauge
invariance under the SO (3)× SO (2) isometry. The attractor eqs of the black object of
8D supergravity have the remarkable factorization,
8∑
A=1
∆AΥ
A = 0 ,
3∑
α=1
λα̥
α = 0 , (6.1)
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with the two terms respectively associated with [SL (3, R) /SO (3)] and [SL (2, R) /SO (2)];
in agreement with the factorized structure of the moduli space. Using the identities
ΥA = Υ(ab)T Aab , ∆A = ∆(ab)T abA and quite similar relations for the SL (2, R) factor, these
attractor equation may be also put in the equivalent forms ∆abΥ
ab = 0, λij̥
ij = 0. In
(6.1), ∆A, λα (or equivalently ∆ab, λij) are 1-forms given by eqs(3.30) and Υ
A, ̥α (or
equivalently Υab, ̥ij) have the typical expressions,
ΥA =
∑
I
Tr
(
YIT AYI − Y˜IT AY˜I
)
, ̥α =
∑
r
Tr (Zrτ
αZr) . (6.2)
where YI , Y˜I , Zr stand for dressed charges and T A, τα for the generators of SL (3, R)⊗
SL (2, R). Similar expression can be written down for Υab and ̥ij leading to Υab =
Y aI Y
b
I − Y˜ aI Y˜ bI and ̥ij = Z irZjr . One of the outcome of these expression is that Υab = Υba,
̥
ij = ̥ji; that is symmetric tensors showing that there is no contribution to the attrac-
tor eqs coming from those generators with T Aab = −T Aba and ταij = −ταji. This property
reflects just the decoupling of the contribution associated with the SO (3) factor inside
SL (3, R). A similar conclusion is also valid for the SL(2, R) component and the SO (2)
subroup.
We end this discussion by noting that the solutions worked out in this study are real
solutions since the moduli space [SL (3, R)× SL (2, R)] / [SO (3)× SO (2)] is a real man-
ifold. Complex solutions, such as eq(5.12) with ν /∈ [0, 1], can be found if instead of (3.5),
we use the complex manifold [SU (1, 2) /SU (2)]× [SU (1, 1) /U (1)].
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A Dirac matrices in 8D
Here we give some useful properties on the algebra of Γ- matrices in 8D space time
dimensions. In a quite similar way as in 4D, there are eight Γ- matrices in 8D namely
Γµ with µ = 0, ..., 7; they generate the Clifford algebra [38],
ΓµΓν + ΓνΓµ = 2ηµν (A.1)
with ηµν = diag (−,+...+) standing for the metric of R1,7 with rotation symmetry
SO(1, 7). From these relations we learn amongst others that (Γ0)
2
= −Iid and (Γi)2 =
+Iid for i = 1, ..., 7. The simplest realization of the Γ
µ’s is given by n × n matrices
with n = 24 and so act on 16 components objects: Dirac spinors. With these matri-
ces, one can build others carrying several space time vectors by taking the completely
antisymmetric products as follows:
Γµ1...µp = 1
p!
(Γµ1 ...Γµp ± permutations) , (A.2)
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where (+) and (−) stand respectively for even and odd permutations. For the leading
p = 2 case, we have just the commutators of Γ-matrices which give a realization of the
SO (1, 7) rotation generators Mµν in the 16 dimensional spinor representation,
Mµν =
i
2
Γµν . (A.3)
Moreover and like in 4D, we distinguish three kinds of spinors in 8D ; the first one is
the SO (1, 7) Dirac spinor ΨDirac having 16 complex components. But this spinor is
reducible into 8+ 8 components describing each a complex Weyl spinor defining the two
chiralities of ΨDirac namely the left ΨL ≡ (ψ)a and the right ΨR ≡ (χa˙) related to the
Dirac Ψ as follows,
ΨL =
1
2
(1− Γ8)Ψ , Γ8ΨL = −ΨL ,
ΨR =
1
2
(1 + Γ8)Ψ , Γ8ΨR = +ΨR .
(A.4)
In these relations, the matrix Γ8 is the chirality operator given by
Γ8 = e
−i 3pi
2 Γ0...Γ7, (A.5)
satisfying, amongst others, the following properties
(Γ8)
2 = I, {Γ8,Γµ} = 0, [Γ8,Γµν ] = 0 . (A.6)
The third kind of spinors in 8D is of Majorana type; that is a Dirac spinor constrained
by the typical reality condition
Ψ∗ = BΨ , (A.7)
where B is 16 × 16 matrix. This condition which also reads as Ψ = B∗BΨ should be
as well consistent with Lorentz transformation δΨ = iωµνM
µνΨ. The solution of the
constraint relations leads to
B∗B = I , M∗µν = −BMµνB−1 , (A.8)
whereM∗µν is the Lorentz matrix generating rotation Ψ∗; that is δΨ∗ = −iωµν (M∗µν) Ψ∗.
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